Towards deep learning with spiking neurons
in energy based models with contrastive Hebbian plasticity
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Abstract

Learning Procedure

In machine learning, error back-propagation in multi-layer
neural networks (deep learning) has been impressively successful in supervised and reinforcement learning tasks. As a
model for learning in the brain, however, deep learning has
long been regarded as implausible, since it relies in its basic
form on a non-local plasticity rule. To overcome this problem, energy-based models with local contrastive Hebbian
learning were proposed and tested on a classification task
with networks of rate neurons [1]. We extended this work
by implementing and testing such a model with networks of
leaky integrate-and-fire neurons. Preliminary results indicate that it is possible to learn a non-linear regression task
with hidden layers, spiking neurons and a local synaptic
plasticity rule.

Results

1. Forward Phase
→ Select a data sample ŝ and relax the system to the
lowest energy state with βy = 0 to obtain y ∗

Non-linear Regression Task

2. Subtract ηρ(s∗i )ρ(s∗j ) from the weights.
3. Backward Phase
→ Set βy = β > 0 and let the system evolve for some
time.
4. Add

β
β
ηρ(si )ρ(sj )

to the weights.

• Input neurons receive a constant input current during
both phases.
• Output neurons are treated as two-compartment neurons that receive an extra somatic input current in the
backward phase [2].




x = cos(πϕ) + cos(π(ϕ + θ)) + 2 /4

y = sin(πϕ) + sin(π(ϕ + θ)) + 2 /4

Networks of rate-based neurons

• Bias implemented with weights from constantly firing
neurons.

Is backprop biologically plausible?

• After comparing the prediction and the target, errors
are back-propagated in the reversed order through the
layers, using the transposed of the feed-forward weight
matrices, but not the non-linearity of the neurons used
in the forward pass to compute the prediction.

output

Visualization of the effect of the contrastive Hebbian update
rule:

• It is unclear how a network composed of real spiking
neurons could switch between non-linear forward passes
and linear backward passes to implement error backpropagation.

hidden

• Backprop relies on a non-local plasticity rule with ratebased neurons.

∆wij ∝ ri rj − ri rj
target

clamped

Energy function (wij = wji ):
2E(s; ŝ, θ, βx , βy ) =

X

s2i −

i

X

wij ρ(si )ρ(sj ) − 2

X

+ βx

• Task cannot be learned with learning only the output
weights (fixed random weights to 20 hidden neurons).

bi ρ(si )
• Task can be learned with 20 hidden neurons and learning in all layers; even with fixed feedback weights.

i

i6=j

X

• Task cannot be learned without hidden layer.

input

Energy-based models

With spiking neurons

X
(ŝi − si )2 + βy
(ŝi − si )2

i∈X

i∈Y

Network of leaky integrate-and-fire neurons

Neural dynamics:
d
E(s; ŝ, θ, βx , βy )
τ ṡi = −
dsi


X
τ ṡi = −si + ρ0 (si ) 
wij ρ(sj ) + bi 

+ Ii∈X βx (ŝi − si )

j

+ Ii∈Y βy (ŝi − si )
Cost function for target ŝ and prediction s
X
2C(ŝ, s) =
(ŝi − si )2
i∈Y

To find a learning rule, we look at the constraint optimization
problem:
dE µ µ
min C(ŝ , s , . . . , ŝ , s ) s.t.
(s ; ŝ , θ, ∞, 0) = 0
θ
dsi
1

1

N

N

(1)

For each data sample minimize the Lagrangian L:
1. Minimum s∗ : fixed point of neural dynamics with βx →
∞, βy = 0.
∗

2. Minimum in Lagrange multiplier λ =

dsβ
dβy

• Task learned with 300 spiking hidden neurons. Each
input and output dimension represented by 20 neurons.
We introduce the somatic membrane potential ui that evolves
below a threshold θ as:
X
τ u̇i (t) = −ui (t) + u0 + 1 − λi (t)
wij sj (t) + λi (t)RIi (t)
j

With membrane resistance R, additional current input Ii (t),
presynaptic spike trains xj and postsynaptic response wij sj ,
with
τs ṡj = −sj + upsp xj .
We introduce a nudging factor λi (t) to avoid to run-away
dynamics which can be motivated by conductance-based
synapses [2]:

where
βy =0

RIi (t)
P
λi (t) =
RIi (t) + j wij sj (t)

sβ is the fixed point with finite βy .
3. Perform stochastic descent in the parameters:
∂L ∗ ∗
∆θi = −η
(s , λ , θ; ŝ)
∂θi

(2)

• Membrane potential is then set to a reset value ur and
kept at this value for a refractory period ∆

This leads either to the contrastive Hebbian update rule:
∆wij ≈ η

β
β
ρ(si )ρ(sj )

−

ρ(s∗i )ρ(s∗j )



(3)

or delta rule:
∆wij ≈ η

ρ(sβi )

−

ρ(s∗i )



ρ(s∗j )

• Neuron spikes when its membrane potential reaches
threshold θ

(4)

To implement the contrastive Hebbian learning rule in 3, firing rates are estimated with ri that low-pass filter the spike
trains:
τr ṙi (t) = −ri (t) + si (t) .

• Target not perfectly learned. Not converged? Estimate
of the fixed point in the forward phase good enough?

Conclusions
• Equilibrium Propagation [1] with a multilayer network
of leaky integrate-and-fire neurons can learn a nonlinear regression task.
• Results with the spiking networks are not as convincing as with the rate-based networks → non-optimal estimates of the fixed point in the forward phase?
• The locality of the contrastive Hebbian plasticity rule
and the error back-propagation by natural recurrent dynamics make this approach appealing.
• Requires quite precisely timed induction of antiHebbian and Hebbian plasticity: theta waves or neuromodulators?
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